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3841 Introduction and Results 


For any positive integer ?2，we call 9sc(n) as the square complementary number of mn, 让 
Sasc(mn) is the smallest positive integer Such that 9sc(n) is a perfect square. That is， 


Sscln) = min{fm : mn = 也, EN]. 


For example，9sc(1) = 1，9sc(2) = 2，9sc(3) = 3，9sc(4) = 1，9sc(5) = 5，9sc(6) = 人 ， 
9sc(7) = 7 9sc(8) = 2….、 In reference [上 ]，Professor F.Smarandache asked us to study the 
Properties of the sequence {Ssc(n)}.，About this problem,， some authors had studied it，and 
obtained some jnteresting results. For example, Liu Hongyan and Gou Sul2] used the elementary 
method to study the mean value Properties of Ssc(n) and 5 and obtained two interesting 
asymptotic formulas，Zhang Hongli and Wang YangB] studied the mean value of 7r(Ssc(n))， 
and obtained an asymptotic formula by the analytic method. Yi Yuan[d studied the mean value 
> dln + 9sc(n)), and proved that 


TS2Z 


二 dmn 十 Sasc(m)) = ln? z+4zinz+4z+O [| 


人 <Z 
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Where 41 and 42 are computable constants, e js any fixed positive number. 


On the other hand, Professor Felice Russol5 asked us to calculate the limit lim Re 
noo gmn) 
where bm) = 》 ,ln(Ssc(n)). 了 fact，this problem very simple，we can easily prove that 
位 < 
9sc(n) 0 
n 一 oo 0n) YE 


The main purpose of this paper js to study another limit problem involving square comple- 
mentary number, and obtain an interesting limit theorem. That is， we shall prove the following 
conciusion: 


Theorem Let d(n) denotes the Dirichlet divisor function, then we have the limit formula 


》， d(Ssc(n)) 
lim ET 昌 ][[ (- | 
k 一 oo 交 jn(Ssc(m)) 帮 让 (p+12 人 
人 < 大 


Where [ denotes the product over all primes ?， 
? 


82. Proof of the Iheorem 


了 this section，we shall compjlete the proof of theorem，First we need the following two 
lemmas: 


Lermma 1 ”Let 9sc(mn) denotes the square complement number of mn, then for any integer 
> 1, we have the asymptotic formula: 


AD) 人 DJ (> 2 2 3 
d = 一 Nin -1 +O(Vklns 间 ， 

人 
Where dmn) the Dirichlet divisor 名 nction，6(s) denotes the Riemann zeta-function,， AI1) 三 


denotes th duct all es D， the Euler's constant. 
II- 1 1 enotes the product over al primes P, 7 is uler 


Proof See reference [3]. 


Lemma 2 ”For any real number 太 > 1，we have the asymptotic formula: 


6C(2) +2 


< 全 5 +O(Vkln2 月 . 


》 ln(Sesctm)) = ln 大 一 


妨 < 类 


Proof ”By the definition of the square complement and the properties of Mobius function 
We Can get 


》 ,In(Ssc(m))= >，ln(Ssc(m2D)Iu 人 | 


mn<K 121< 大 
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= 》 Inl》 Ad) 
mm2l<k  d21! 
加 六 Ad)in(d2 放 ) 
7Tn2d2h< 
=2 》 Hadind+ > ，Mdin(. (1) 
1n2d2A< 人 n2d2 关 < 
Noting that: 
1 1 
史 冯 -co+o( 
Am -1 
乞 到 一 厅 + 人 
and we f 
AN 
Fr 四 = 艺 本 5 辐 
We have 四 | 人 ) 
&minnm (mm 
Se 


From this formula we may immediately get 
Atn)Inn 人 《(m) 
= 名 (nm 


(2) 


From the above we have 


2，Hpdind 


mn2d27< 


=》 Hadnd 》， 》， 1 


四 m< 准 人 动 


+ o0)) 


0 


到 和 加 
G) 


row 站 


From (1) and Euler's summation formulaltl we have 


Ad)inn 
m2d2h< 


= >》 Hd >》 mh 
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大 1 
荆 2 Ad) 了 72 -1 “人 加 7 由 + 元 55( 加 一 
， 四 
= 大 In 大 Atd 3 Adinm2? 宁 
成 钴 1 区 0 
| > ngln 才 ] 
md<VK 
(9 
》 1 
人 
1 Ad 
和 d< 次 
1 /1 二 
六 ( 疝 +O ( 兄 ) 
mm<VR mm \《(2) VK 
2 1 ln 大 
= 茄 (aa +0 (局 )) 了 ( 呈 ) 
=1+0 ( 叶 ) 
Use the same method， we also have 
(din 和 mn 
3 上 
ndCwVK 7 


-而 +0( 吸 ) (6) 


=2C(2) 全 2 +O 全 )， 人 和 in ka 


V < 


- 钨 人 (7) 
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Combining (4),， (5) and (6) we can easily get the asymptotic formula: 


四 2+26(2) +(C(2) 
2 Adin( 人 = 大 nk 一 2 +O(VRln2 有). (8) 
Combining (1) and (7) we have 
2 一 大 ln 大 一 所 全 < O(Vkln2 和). 


This proves Lemma 2， 


Now We can easily complete the proof of theorem. In fact, from Lemma 1 and Lemma 2 we 
have 


0 ) 意 ank+ 席 (2 -1+2 ) FE+OVknh NA 
的 yn(gsctm) nk- 各 玉 b+ 0(VR 朋 《0) 
人 反 大 


Note that 5(2) = 也 and jh(1) = [ (4 一 Ce)， from the above we have 
? 


(人 p 十 ]? 
d(9sc(n)) 
lm 一 -上 II- | 
too 》 ln(Ssco) 下 @+1)? 
亿 区 天 


This completes the proof of tbheorerm , 
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